
������� ������	�� �� �
 �����


�������� ������ � ���� �������� � � ������� �����
 ��� !" � #$$%

&'()*+,)
-. /01234. 5 6107895 :;5: 0.<12.0= :;. >01?.<@.0 <1.A <3.?:= B:;. 789:3/93<3: 3.= 16

:;. 300.48<3C 9. 0./0.=.?:5:31?= 3? :;. :.?=10 /0148<:= 16 :D1 300.48<3C9. 0./0.=.?:5:31?=
16 :;. =E77.:03< F018/G 6017 :;. 0.48<.4 >01?.<@.0 <1.A <3.?:= B937 3:= 16 <.0:53? =:5H
:31?50E =.I8.?<.= 16 >01?.<@.0 <1.A <3.?:= 3?:0148<.4 CE J80?5F;5? G K L;3= 6107895
F.?.0593M.= 5 6107895 48. :1 N1=5= 610 >01?.<@.0 <1.A <3.?:= 3?4.O.4 CE :D1 :D1P01D
=;5/.= K

-. 8=. 180 6107895 :1 1C:53? 5 ?.D =:5C393:E C18?4 610 :;. >01?.<@.0 <1.A <3.?:= Q
5?4 :1 4.=<03C . .O/93<3:.9E :;. >01?.<@.0 <1.A <3.?:= 3?4.O.4 CE :D1 :D1P01D =;5/.=
5= 5 /3.<.D 3=. I85=3P/19E?17 359 Q D 3:; :;. <;57C.0= 16 5 65? 5= 417 53?= 16 I85=3P
/19E?17 3593:EK

R STU VWXYZ[W\ ]Z[^U_ `Z\aTUbVW W``VZW]T XZ cU`VUdU[XWXYZ[
STUZVa

e fghijk lhmjn opqrnlk sh tpqgo uloplvlhmjmsqh wxlqpy sv mxl fqnnqz sh{ | {s}lh j nshljpny
plig~ms}l {pqgo

G � ilv~psr l mxl ~q l� ~slhmv
mλ

µν

sh mxl il~qkoqvsmsqh shmq spplig~srnlv qf j
opqig~m qf mzq ��hsml�isk lhvsqhjn � ~qkonl� � spplig~srnl ploplvlhmjmsqhv |

Vµ ⊗ Vν =
⊕

λ

mλ
µνVλ

�xsnl mxsv opqrnlk sv vqn}li vjmsvfy sh{ny sh vl}lpjn zjyv fqp mxl {lhlpjn nshljp {pqgo
G = GLn(C)

�mxl k qvm lnlk lhmjpy �sl {pqgo � � mxsv sv hqm mxl ~jvl fqp mxl vykklmps~ {pqgo
G = Sn

�mxl k qvm fghijk lhmjn �hsml {pqgo � �
�qp

G = GLn(C) � mxl kgnmso ns~smslv
mλ

µ,ν = cλ
µ,ν

jpl ~jnnli mxl � ������ ����� ���������
���� ������� wxly jpl ilv~psr li sh j ogplny ~qkrshjmqpsjn zjy ry mxl � ������ ����� ���������
����� lvmjrnsvxli sh ���� �jnmxqg{x hqm opq}li r lfqpl ��  � � vll fqp shvmjh~l ¡�¢ � £h ���¤ � jh¥qmxlp myo l qf ~qkrshjmqpsjn ilv~psomsqh zjv opqo qvli ry ¦lplhvmlsh jhi §lnl}shv¨y ¡�¢ | mxly
vxqzli mxjm mxl �smmnlzqqi�us~xjpivqh ~q l� ~slhmv ~qghm mxl shml{pjn o qshmv sh o qnymqo lv
qf j zlnn�il�hli fjk sny� wxsv vmjpmli j vlpslv qf fpg smfg n zqp¨v ry vl}lpjn jgmxqpv ilv~psr sh{
fljmgplv qf mxl �smmnlzqqi�us~xjpivqh ~ql� ~slhmv sh mxl njh{gj{l qf ~qkrshjmqps~v qf pjmsq¥
hjn ~qh}l� o qnyxlipj � �lm ©ª

n

r l mxl vlm qf mpso nlv
(λ, µ, ν) ⊂ Z3n

vg~x mxjm
cλ
µ,ν > 0

� £m

�



zjv opq}li mxjm ©ª
n

sv j vjmgpjmli �hsmlny {lhlpjmli vlk s{pqgo � jhi jh l�ons~sm ilv~psomsqh
qf mxl fj~lmv qf mxl o qnyxlipjn ~qh}l� ~qhl ©ª

R

n

sm {lhlpjmlv sh
R

3n
zjv qrmjshli � wxsv

zjv iqhl ry plnjmsh{ mxl opqrnlk qf ilv~psr sh{ ©ª
R

n

zsmx «qph ¬v ­qh® l~mgpl jr qgm vgk v mxl
ls{lh}jnglv qf mxl vgk qf mzq xlpk smsjh k jmps~lv ¡ ¢ jhi mxlh opq}sh{ mxl ~lnlrpjmli ¯jmg¥
pjmsqh ­qh® l~mgpl ¡°¢ � � shjnny� sm zjv vxqzh mxjm mxl �smmnlzqqi�u s~xjpivqh ~q l� ~slhmv

cλ
µνilo lhi osl~lz svl ±gjvs�o qnyhqk sjnny ² qh mxl ojpmv qf

λ � µ � ν � z smx mxl ~xjkr lpv �k j�sk jn
~qhlv� qf j fjh vgr is}sish{ ©ª

R

n

jv osl~lv ¡�¤¢ �
¯mps~¨sh{ny� hq ~qkrshjmqpsjn ilv~psomsqh qf mxl ~q l� ~slhmv

mλ
µν = gλ

µν

�³ ��� ��´�� ���µ ¶
· ���� �� � jvvq ~sjmli mq mxl vykklmps~ {pqgo

G = Sn

sv ¨hqzh¸ � wxl nqh{ vmpsh{ qf vg~~lvvlv
sh zqp¨sh{ qgm mxl ilv~psomsqh qf mxl �smmnlzqqi�us~xjpivqh ~q l� ~slhmv sh mxl njh{gj{l qf
pjmsqhjn ~qh}l� o qnyxlipj xjv vg{{lvmli mq jmmlkom j vsk snjp joopqj~x fqp mxl ¹pqhl~¨lp
~q l� ~slhmv � �lm º»¼ ½

`1,`2

r l mxl vlm qf mpso nlv
(λ, µ, ν)

qf ojpmsmsqhv z smx
`(µ) ≤ `1 � `(ν) ≤ `2

�
£h ¤¾¾  � ­xpsvmjhin � « jppqz jhi ¿ sm~xsvqh ¡�¢ vxqzli mxjm º»¼ ½

`1,`2

sv j �hsmlny {lhlpjmli
vlk s{pqgo � £m sv � xqzl}lp � hqm vjmgpjmli � ¹ spsnnq} ¡À¢ jhi ¹ nyj~x¨q ¡Á¢ vg{{lvmli mxjm mxl
vjmgpjmsqh opqo lpmy k jy xqni fqp j plnjmli fjk sny� mxl ������� ³ �����´�� ���� ���� ��

g
γ
α,β �mxjm jpl nsk smv qf ~lpmjsh vmjmsqhjpy vl±glh~lv qf ¹pqhl~¨lp ~q l� ~slhmv �

�l oplvlhm j fqpkgnj mxjm pl~q}lpv mxl ¹pqhl~¨lp ~ql� ~slhmv fpqk mxl plig~li ¹pqhl~¨lp
~q l� ~slhmv � Â vsh{ mxsv fqpkgnj � zl skopq}l j r qghi {s}lh opl}sqgvny ry Ãphlvmq Äjnnl® q
¡� ¢ fqp mxl vmjrsnsvjmsqh qf mxl vmjmsqhjpy vl±glh~lv qf ¹pqhl~¨lp ~ql� ~slhmv ®gvm k lhmsqhli �
�l jnvq ilv~psr l j fjh jhi j ±gjvs�o qnyhqk sjn fqpkgnj qh lj~x qf smv ~xjkr lpv fqp mxl
plig~li ¹pqhl~¨lp ~q l� ~slhmv

g
γ

(r)(s)

� �pqk mxlvl plvgnmv zl ilig~l ilig~l ±gjvs�o qnyhqk sjn
fqpkgnjv qh mxl ~xjkr lpv qf j fjh fqp mxl ¹pqhl~¨lp ~ql� ~slhmv

gλ
µν

zxlpl
µ

jhi
ν

xj}l
nlh{mx jm k qvm

2
�

Å cUbÆ]Ub ÇVZ[U]ÈUV ]ZUÉ ]YU[Xd
wxl spplig~srnl ploplvlhmjmsqhv

Vλ

qf mxl vykklmps~ {pqgo
Sn

jpl shil�li z smx mxl ojpmsmsqhv
λ
zsmx vgk

|λ| = n
� wxl ¹pqhl~¨lp ~q l� ~slhmv

gλ
µν

jpl mxgv shil�li ry mpso nlv qf ojpmsmsqhv
(λ, µ, ν)

zsmx
|λ| = |µ| = |ν|

� t s}lh j ojpmsmsqh
α = (α1, α2, . . . , αk) � ilhqml z smx

α[n]
mxl

vl±glh~l
(n − |α|, α1, α2, . . . , αk)

� ¿gphj{xjh ¡��¢ vxqzli mxjm {s}lh jhy mxpll ojpmsmsqhv
α � β

jhi
γ � mxl vl±glh~l qf ¹pqhl~¨lp ~ql� ~slhmv

g
γ[n]
α[n],β[n]

sv vmjmsqhjpy� £mv nsk sm �vmjrnl
}jngl� sv ~jnnli mxl ������� ³ �����´�� ���� �����

g
γ
αβ

� wxl plig~li ¹pqhl~¨lp ~ql� ~slhmv
jpl j~mgjnny mxl vmpg~mgpjn ~qhvmjhmv fqp j nshljp rjvsv fqp mxl o qnyhqk sjnv sh ~qghmjrny
k jhy }jpsjrnlv �mxl ��������� Ê��Ë��Ì ���� � vll ¡�¢� � £hmlplvmsh{ny� mxly jnvq {lhlpjnsÍl mxl
�smmnlzqqi�us~xjpivqh ~ql� ~slhmv |

g
γ
αβ = c

γ
αβ

zxlh
|α| + |β| = |γ|

�
£m fqnnqz v fpqk mxl vlk s{pqgo opqo lpmy fqp mxl ¹pqhl~¨lp ~q l� ~slhmv ¡�¢ � mxjm fqp jhy

��li
`1

jhi
`2 � mxl mpso nlv qf ojpmsmsqhv

(α, β, γ)
vg~x mxjm

g
γ
αβ > 0 � `(α) ≤ `1 � jhi `(β) ≤ `2sv j �hsmlny {lhlpjmli vlk s{pqgo � wxjm sm sv vjmgpjmli sv jh qo lh ~qh® l~mgpl fqpkgnjmli ry
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¹spsnnq} ¡À¢ jhi ¹ nyj~x¨q ¡Á¢ �
�l lvmjrnsvxli mxl fqnnqz sh{ fqpkgnj mxjm pl~q}lpv mxl ¹pqhl~¨lp o qnyhqk sjnv fpqk mxl

plig~li ¹pqhl~¨lp o qnyhqk sjnv �
ö÷øùúøû ü �¡�¢� ý ���

λþ µþ ν ÿ� Ê��������� �µ �� � ��Ì � ����� �� � ���� �

gλ
µν =

`(µ)`(ν)∑

i=1

(−1)i+1gλ†i

µ†1 ν†1

���

�����
λ†i

�� �� � Ê�������� �ÿ���� �� µ ��Ì
λ ÿË �� ���Ì ������ �� �

i− 1
· ��� Ê���� ��� ��Ì ������� �

i
��� Ê ����

�l ilig~li fpqk sm j hlz r qghi fqp mxl vmjrsnsmy qf mxl vl±glh~lv
(g

γ[n]
α[n],β[n])n

� wxsv
skopq}li j opl}sqgv plvgnm ry Ãphlvmq Äjnnl® q ¡� ¢ �
ö÷øùúøû � �¡¤¢� ý ���

αþ β þ γ ÿ� ����� Ê��������� � ����
g

γ[n]
α[n],β[n] = g

γ
αβ

µ �� �� �
n � ���������� �� ����� ��

max(|α| + |β| + γ1, |α| + α1, |β| + β1, |γ| + γ1)

� STU ]WdU Z � X	Z X	Z
 VZ	 dTW` Ud
�qpkgnjv fqp mxl ¹pqhl~¨lp ~q l� ~slhmv jpl ¨hqzh sh flz ojpms~gnjp ~jvlv � u lkkln jhi
� xsmlxlji ¡��¢ ilps}li fqpkgnjv fqp mxl ~q l� ~slhmv

gλ
µν

zxlh
µ

jhi
ν

xj}l jm k qvm mzq
ojpmv ��mzq�pqz vxjo lv�� � �jmlp � mxl mxspi jgmxqp gvli ¯lp{ll} ¬v fqpkgnj mq ilv~psr l mxl
vjk l ¹pqhl~¨lp ~ql� ~slhmv jv mxl is
lplh~l qf hgkr lp qf shml{pjn o qshmv sh mzq ~qh}l�
pjmsqhjn o qny{qhv

Γ+ jhi
Γ−

il�hli ry shl±gjnsmslv
aX + bY + c ≥ 0

zxlpl mxl ~qhvmjhm
mlpk v

c
ilo lhi j�hlny qh mxl ojpmv qf

λ � µ jhi
ν

¡��¢ �
­qhvsilpsh{ plig~li ¹pqhl~¨lp ~q l� ~slhmv �jv ji}q ~jmli sh ¡�À¢� vskons�lv mxl oplvlh¥

mjmsqh qf mxlvl plvgnmv � �qpkgnj ��� joonslv jv fqnnqz v fqp ¹pqhl~¨lp ~ql� ~slhmv shil�li ry
mzq mzq�pqz vxjo lv |

g
(λ1,λ2,λ3,λ4)
(N−r,r)(N−s,s) = g

λ2,λ3,λ4

(r)(s) − g
λ1+1,λ3,λ4

(r)(s) + g
λ1+1,λ2+1,λ4

(r)(s)

�¤�
wxl �pvm mlpk

g
λ2,λ3,λ4

(r)(s)

~qghmv mxl shml{pjn o qshmv sh
Γ+ � jhi mxl qmxlp mzq ~qghm mxl shml{pjn

o qshmv sh mzq o qny{qhv
Γ2

jhi
Γ3

vg~x mxjm
Γ3 ⊂ Γ2

jhi
Γ2 \ Γ3 = Γ−

� wxgv �qpkgnj ���
sv j {lhlpjnsÍjmsqh qf mxl fqpkgnj sh ¡��¢ �

Â vsh{ mxsv shmlpoplmjmsqh qf mxl plig~li ¹pqhl~¨lp ~q l� ~slhmv
g

γ

(r)(s)
� zl ilv~psr li

sh l�ons~smlny sh ¡�¢ j fjh
F

qf
R

5 � jhi fqp lj~x qf smv ~xjkrlpv
σ � j ±gjvs�o qnyhqk sjn

qσ(r, s, γ1, γ2, γ3)
{s} sh{

g
γ

(r)(s)

qh
σ
� �pqk mxsv plvgnm jhi �¤� � jhi ry mj¨sh{ opq�m qf mxl

fj~m mxjm mxl ±gjvs�o qnyhqk sjnv
qσ

~qsh~sil hqm qhny qh mxl r qpilpv qf mxlsp ~xjkr lpv rgm qh
njp{lp jpljv � zl zlpl jrnl mq ~qkogml l�ons~smlny j fjh

F ′
jhi ±gjvs�o qnyhqk sjnv fqpkgnjv

pσ(n, r, s, λ2, λ3, λ4)
{s}sh{ mxl ¹pqhl~¨lp ~q l� ~slhmv

gλ
(n−r,r)(n−s,s)

qh lj~x ~xjkr lp
σ

qf
F ′

� wxsv l�svmlh~l qf vg~x fqpkgnjv zjv opq}li ry ¿gnkgnly ¡�¾¢ rgm qgp zqp¨ sv mxlsp

�



�pvm l�ons~sm ~qkogmjmsqh sh j hqh�mps}sjn l�jkonl � wxlvl fqpkgnjv jnnqzli gv mq ~xl~¨ �sh mxl ojpms~gnjp ~jvl qf ¹pqhl~¨lp ~q l� ~slhmv shil�li ry mzq mzq�pqz v vxjo lv � j vlpslv qf
~qh® l~mgplv ry ¿gnkgnly {s} sh{ vgoo qpm mq xsv tlqk lmps~ ­qkonl�smy wxlqpy ¡�¾¢ �
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