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Abstract. In the late 1930’s Murnaghan discovered the existence of a stabilization phenomenon for the Kronecker
product of Schur functions. For n large enough, the values of the Kronecker coefficients appearing in the product
of two Schur functions of degree n do not depend on the first part of the indexing partitions, but only on the values
of their remaining parts. We compute the exact value of n when this stable expansion is reached. We also compute
two new bounds for the stabilization of a particular coefficient of such a product. Given partitions « and 3, we give
bounds for all the parts of any partition ~ such that the corresponding Kronecker coefficient is nonzero. Finally, we
also show that the reduced Kronecker coefficients are structure coefficients for the Heisenberg product introduced by
Aguiar, Ferrer and Moreira.

Résumé. Dans les années 30 Murnaghan a découvert une propriété de stabilité pour le produit de Kronecker de
fonctions de Schur. En degré assez grand, les valeurs des coefficients qui aparaissent dans le produit de Kronecker
de deux fonctions de Schur ne dépendent pas de la premiére part des partitions en indice, mais seulement des parts
suivantes. Dans ce travail nous calculons la valeur exacte du degré partir duquel ce développement stable est atteint.
Nous calculons aussi deux nouvelles bornes supérieures pour la stabilisation d’un coefficient particulier d’un tel
produit. Nous donnons en outre, pour « et 3 fixés, des bornes supérieures pour toutes les parts des partition vy rendant
le coefficient de Kronecker d’indices «, (3, v non—nul. Finalement, nous identifions les coefficients de Kronecker
réduits comme des constantes de structures pour le produit de Heisenberg de fonctions symétriques défini par Aguiar,
Ferrer et Moreira.

Resumen. Hace poco mds de 80 afios Murnaghan descubrié un fenémeno de estabilidad para el producto de Kro-
necker de dos funciones de Schur. En grado suficientemente grande, los valores de los coeficientes de Kronecker que
aparecen en el producto de Kronecker de dos funciones de Schur, no dependen de las primeras partes de las particiones
que las indexan, sino solamente de sus demds partes. En este trabajo calculamos exactemente cuando este desarrollo
estable esta alcanzado. También calculamos dos nuevas cotas para que cualquier familia dada de coeficientes de Kro-
necker se estabilice. Dadas dos particiones o y 3, proporcionamos cotas superiores para todas las partes de cualquier
particidn ~y tal que el coeficiente de Kronecker correspondiente no sea nulo. Finalmente, identificamos los coefi-
cientes de Kronecker reducidos como constantes de estructura del producto de Heisenberg de funciones simétricas,
introducido por Aguiar, Ferrer y Moreira.
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Introduction

The understanding of the Kronecker coefficients of the symmetric group g; 5 (the multiplicities appearing
when the tensor product of two irreducible representations of the symmetric group is decomposed into
irreducibles; equivalently, the structural constants for the Kronecker product * of symmetric functions in
the basis of Schur functions, s,) is a longstanding open problem. Richard Stanley writes “One of the main
problems in the combinatorial representation theory of the symmetric group is to obtain a combinatorial
interpretation for the Kronecker coefficients” [30]. It is also a source of new challenges such as the
problem of describing the set of non—zero Kronecker coefficients [28], a problem inherited from quantum
information theory [[18} [10]. Or proving that the positivity of a Kronecker coefficient can be decided in
polynomial time, a problem posed by Mulmuley at the heart of his Geometric Complexity Theory [24]]
(see also the introductory paper by Biirgisser, Landsberg, Manivel and Weyman [2]).

In our work we study in more detail a remarkable stability property for the Kronecker products of Schur
functions discovered by Murnaghan [26} 27]]. This property is best shown on an example. Consider the
Kronecker products s(,,_2 2) * S(n—2,2):

S22 % So9 = 84+ S1,1,1,1 + S22

83,2 % 832 = 85+ 52,1,1,1 + S32+ 841 + 831,01+ 8221

842 % 842 = 86+ 83,1,1,1 + 2542 + 851 + 84,1,1 + 25321 + 5222

85,2 % 852 = 87+ 84,1,1,1 + 2552 + 86,1 + 85,1,1 + 28421 + 5322+ 543+ 5331

86,2 * S6,2 = S8 + 85,1,1,1 + 286,2 + 87,1 + S6,1,1 +285,2,1 + Sa,2.2 + 553 + 54,31 + Sa4

sdydy

S72 % 872 =89+ 86,1,1,1 + 2572 + 83,1+ 87,1,1 + 256,2,1 + 85,22 + 56,3 + 553,1 + S5.4
And, actually, in all degree n > 8 we have the expansion:
Se,2 % Se2 = Se 1 Se.1,1,1 T 25¢,2 + Se,1 1 Se,1,1 T 25¢,2,1 + 50,22 T Se3 + Se,3,1 + Se4

For « partition and n integer, set a[n] for (n — ||, a1, @a, . . .). Murnaghan’s general result is that for any
partitions « and (3, the expansions of s, * 5[, in the Schur basis all coincide for n big enough, except
for the first part of the indexing partitions (which is determined by the degree n). This implies in particular

that given any three partitions «, /3 and ~, the sequence of Kronecker coefficients ggm Bin] is eventually

constant. The reduced Kronecker coefficient g P is defined as the stable value of this sequence. In our

=2 _ =(4)
example, we see that 92)2) = 2 and 92),2) = 1.

When does a Kronecker product s,[,] * Sg[,) stabilizes? When does a sequence of Kronecker co-
vn]
a[n]B[n]
fulfilled by the sets of triples of partitions («, 8, ) whose corresponding reduced Kronecker coefficient
g 5 is non—zero. The analogous problem for Kronecker coefficients is of major importance, see [18, 28]).

In view of the difficulty of studying the Kronecker coefficients, it is surprising to obtain theorems that
hold in general. Regardless of this, we present new results of a general nature.

We find an elegant expression for the precise degree n = stab(a, §) at which the expansion of the

Kronecker product s, * Sg[n) stabilizes:

efficients g becomes constant? Interestingly, these questions lead to look for linear inequalities

stab(a, 8) = |af + [B] + a1 + A
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Using Weyl’s inequalities [35]] for eigenvalues of triples of hermitian matrices fulfilling A+ B = C, we
find the maximum of ~; and upper bounds for all parts 4, among all  in Supp(e, 8) = {7 : g, 5 > 0}.

Finally, we find upper bounds for the index n = stab(«, 3, ) at which the sequence gzm Bin] becomes

constant, improving previously known bounds due to Brion [9] and Vallejo [34]].
Detailed proofs for the results presented in this extended abstract can be found in [7].

1 Preliminaries

We assume that the reader is familar with the basic definitions in the theory of symmetric funcion, see
[21] or [30].

Let A be a partition of n. Let V) the irreducible representation of the symmetric group &,, indexed
by A. The Kronecker coefficient g/’)’y is the multiplicity of V) in the decomposition into irreducible
representations of the tensor product V,, ® V,,. The Frobenius map identify V), with the Schur function s.
In doing so, it allows us to lift the tensor product of representations of the symmetric group to the setting
of symmetric functions. Accordingly, the Kronecker coefficients gi‘?y define the Kronecker product on

symmetric functions by setting
A
Sy x5, = Zgu,vs/\'
A

We use the Jacobi-Trudi determinant to extend the definition of s, to the case where y is any finite
sequence of n integers :

S# = det (hp_7‘+i_j)1§i7jgn ’ (1)

where hy, is the complete homogeneous symmetric function of degree k. In particular, hy = 0 if k is
negative, and hg = 1. It is not hard to see that such a Jacobi-Trudi determinant s, is either zero or %1
times a Schur function.

The starting point of our investigations is a beautiful theorem of Murnaghan. Given a partition A =
(A1, Az, ...) and an integer n, we denote by A[n] the sequence (n — |A|, A1, Ag, . ..). Notice that A\[n] is a
partition only if n — |A| > A;.

Murnaghan Theorem (Murnaghan, (26, 27]). There exists a family of non-negative integers (g, ﬂ) in-
dexed by triples of partitions («, B8,7) such that, for o and B fixed, only finitely many terms ggﬁ are
nonzero, and for all n > 0,
Saln] * 55(n] = D TagSsin] )
%l

Moreover, the coefficient g, P vanishes unless the weights of the three partitions fulfill the inequalities:

ol <181+l 1Bl <lal+ ], Il <lel+18]-

In what follows, we refer to these inequalities as Murnaghan’s inequalities. We follow Klyachko
(18] and call the coefficients g 5 the reduced Kronecker coefficients. An elegant proof of Murnaghan’s
Theorem, using vertex operators on symmetric functions, is given in [33].

Example 1. According to Murnaghan’s theorem the reduced Kronecker coefficients determine the Kro-
necker product of two Schur functions, even for small values of n. For instance,

S92 % 822 =84+ 81,1,1,1 + 2822+ 831+ 82,1,1 + 251,21 +50,2,2 + 51,3+ 50,3,1 + 50,4
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The Jacobi-Trudi determinants corresponding to s1 21 and sg 2 2 have a repeated column, hence they
are zero. On the other hand, it is easy to see that 513 = —S29, 50,31 = —52,1,1, and 504 = —S3 1.
After taking into account the resulting cancellations, we recover the expression of the Kronecker product
5§22 % 522 in the Schur basis: Sq + S$1,1,1,1 + 52,2-

The reduced Kronecker coefficients contain the Littlewood—Richardson coefficients as special cases, as
it was observed already by Murnaghan [27]] and Littlewood [20]. Precisely, if |y| = |a| + |3], then the
reduced Kronecker coefficient gzé‘ 5 1s equal to the Littlewood—Richardson coefficient c e

2 Recovering the Kronecker coefficients from reduced Kronecker
coefficients

By definition, the reduced Kronecker coefficients are particular instances of Kronecker coefficients. We
show that the reduced Kronecker coefficients contain enough information to recover exact value of the
Kronecker coefficients. Let u = (uy,us, ...) be an infinite sequence and 7 a positive integer. Define u
as the sequence obtained from u by adding 1 to its ¢ — 1 first terms and erasing its i—th term:

ul = (14 ur, 1 +ug, ..o, Ly + 1, %1, Uiga, .. )
Partitions are identified with infinite sequences by appending trailing zeros. Under this identification,
when ) is a partition then so is A? for all positive 4.
Theorem 2.1 (Computing the Kronecker coefficients from the reduced Kronecker coefficients). Let n be

a nonnegative integer and )\, 1, and v be partitions of n. Then

e
gho= > (~1)gy 3)

i=1
3 The stabilization of the Kronecker products

Let us define here formally stab(«, §). Let V' be the linear operator on symmetric functions defined on
the Schur basis by V' (sx) = sx4.(1) for all partitions .

Definition (stab(c, 8)). Let o and § be partitions. Then stab(a, 3) is defined as the smallest integer n
such that

Safntk] * 5pm+k] = V" (Safn) * S5in))
forall £ > 0.

As an illustration see the example in the introduction where v = § = (2) and the Kronecker product is
stable starting at 5 2y * S(6,2). Since (6, 2) is a partition of 8, we get that stab(a, ) = 8.

Theorem 3.1. Let o and 3 be two partitions. Then
stab(a, 8) = |a| + 8] + a1 + 1.

To show that this theorem holds, we first reduce the calculation of stab(c, 8) to maximizing the linear
form [7| 4+ ~1 on Supp(c, B)

stab(a, B) = max{|7| + 71 | 7 partition, g, 5 > 0} .



The stability of the Kronecker product of Schur functions 561

Then, we use the following formula that gives a decomposition of g, 5 as a sum of nonnegative summands

obtained from a formula due to Littlewood to show that max {M + 71 | v partition, g, 5 > 0} = |a| +
18] + a1 + fr.

Let ci, By be the coefficient of s5 in the product s, 5355.

Lemma 3.2. Let o, 8, vy be partitions. Then,

2 ¢
Tos = 295,800l )

4 Row lengths for partitions indexing nonzero Kronecker coeffi-
cients.

In this section we give bounds for row lengths of partitions indexing nonzero Kronecker coefficients. We
begin by reminding the reader about the powerful result:

Proposition 4.1 ( Klemm [[17], Dvir [[13] Theorem 1.6, Clausen and Meier [11]] Satz 1.1.). Let o and 3
be partitions of the same weight. Then,

max {71 | v partition s. t. g 5> 0} =lang|

where o N 8 = (min(ay, 1), min(asz, Ba), .. .).

Proposition is the inspiration for some of the results in this section. Two closely related questions
come to mind: First, can we prove an analogous result for the reduced Kronecker coefficients? Second,
what can be said about the remaining parts of a partition ~ such that g 5 > 0 (or similarly, such that
ﬁﬁ>m?

We answer the first question in the affirmative by showing that

Theorem 4.2. Let o and (3 be partitions. Then,

max {fyl | v partition, g, 5 > O} = |an B + max(ay, 51) (5)

We also obtained a set of bounds for the remaing parts of such a v using Weyl’s inequalities triples of
spectra of hermitian matrices fulfilling A + B = C' [35]]. This bounds are known to hold as well for the
indices of the non—zero Littlewood—Richardson coefficients (see for instance [[14]]).

Theorem 4.3. Let o and [ be partitions. If ?;L 5 > 0, then, for all positive integers i, j, we have that

Yitj—1 < |Eia N E;B| 4+ i + B (6)

where Ep\ stands for the partition obtained from \ by erasing its k—th part.

Finally, combining Murnaghan’s inequalities with Proposition[4.T| we obtain

max{h\ | v partition, g, 5 > 0} = |a| + 18],

min {Iv\ | ¥ partition, g, > o} = max(|al, |8]) — |an B|.
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The first equality readily implies that
oL+ 18]
k

Example 2. Let o = (2) and 8 = (4, 3,2), then the first row of the table are the nonzero values of ~
and the second row are the values predicted by equations (€ and (7):

)

k 112(3(4]5
max valuesfory, | 6 |4 |3 |2 |1
bound for v 61513122
In the case that « = (3,1) and 8 = (2,2) we get
k 112(3(4|5]6
max valuesforvyg, [ 6 |3 |2 | 1|11
bound for vy, 642211

These bounds also provide bounds for the non—zero Kronecker coefficients. Indeed, Michel Brion [9]]
showed that for any given «, /3 and +, the sequence of the Kronecker coefficients glm 8lnl is weakly

increasing. As a consequence, 537 5 1s non—zero whenever ggm Bin] is non—zero for some n.

5 The stabilization of the Kronecker coefficients

In this section we study of a weaker version of the stabilization problem. One consequence of Mur-

naghan’s Theorem is that each particular sequence of Kronecker coefficients glm 8in] stabilizes to yg, PE

possibly before n reaches stab(a, 3).

Definition (stab(c, 3,7)). Let «, 8, v be partitions. Then stab(c, 3,~) is defined as the the smallest

integer NV such that the sequences «[N], 5[N] and [ N] are partitions and glm Bln] = G, pforalln > N.

Two bounds have already been found for stab(c, 3,+) by Brion [9] and Vallejo [34]. Brions’ and
Vallejo’s bounds, respectively, are

MB(aaﬁ;V) = |Oé‘ + |ﬂ| +717

) — max{|a| + a1 — 1,8+ 81 — 1|y} ifa#p
Mv(mﬁﬂ’)-h-i—{ max{|a| + a1, |7[} ifa=p

Our first contribution is the following Lemma which describes a general technique for producing linear
upper bounds for stab(a, 3, 7).

Lemma 5.1. Let f be a function on triples of partitions such that for all i,
fla, 8,9 = fla, ,71).
Set My (v, B,7) = |7 + f(e, B,7) and assume also that whenever g, 5 > 0,
Mi(a, B,7) = max (|| + o, [B] + Br, [+ 71) - ®)

Then whenever g;, 5 > 0,
stab(a, 8,7) < My(a, B,7).



The stability of the Kronecker product of Schur functions 563

Three functions f such that (8) holds have already appeared in this paper. Each one gives a bound for
stab(a, 3,7).

1. Murnaghan’s triangle inequalities and Theorem[4.2]imply that (8) holds for f(«, 3,7) = |a|+|B|—
|7]. Using our lemma, we recover Brion’s bound.

2. From Theorem [4.2 we obtain that (§) holds for f(a, B,7) = |@N B + a1 + B1. In this situation,
we obtain that M;(«, 3,v) = |y| + |@ N S| + a1 + f1. From the symmetry of the Kronecker
coefficients, we conclude that stab(a, 8,7) < Ny(«, §,7) where

Nl(aa 5,7) = min(Ml(a, 677)7 Ml(ﬁa v, O{), Ml (77 «, ﬁ))
We have shown that N7 improves both the bounds of Vallejo and of Brion.

3. Finally, Theorem [3.1]shows that (8) holds for f(a, 8,7) = 1/2 (|| + |8] + o1 + 81 — |7]). Then
stab(a, 8,7) < Na(«, 8,7), where

al + B+ [y + o + B+
NQ(O[,ﬂ,"}/) _ | | ‘5| |7| 5 1 ﬂl 71

where [z] denotes the integer part of x.

We conclude this section by applying our bounds to some interesting examples of Kronecker coeffi-
cients appearing in the literature.

Example 3 (The Kronecker coefficients indexed by three hooks). Our first example looks at the elegant
situation where the three indexing partitions are hooks. Note that after deleting the first part of a hook we
always obtain a one column shape. Let o = (1¢), 8 = (1/) and v = (1?) be the reduced partitions, with

d, e and f positive. In Theorem 3 of [29], it was shown that Murnaghan’s inequalities describe the stable
[n]

value of the Kronecker coefficient gl[n] B[n]®

Gop=(e<d+)(d<e+ NI <e+d)

where ((P)) equals 1 if the proposition is true, and 0 if not.

Moreover, stab(a, 3,) was actually computed in the proof of Theorem 3 [29]]. It was shown that
the Kronecker coefficient equals 1 if and only if Murnaghan’s inequalities hold, as well as the additional
inequality e + f < d + 2(n — d) — 2. This last inequality says that:

d+e+f+3

stab(a, B,7) = 5

:| = N 2 (O[, B ) FY)

To summarize, for triples of hooks, Murnaghan’s inequalities govern the value of the reduced Kronecker
coefficients, and IV, is a sharp bound. On the other hand, the bounds provided by N;, Np, and Ny are
not in general sharp.
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Example 4 (The Kronecker coefficients indexed by two two-row shapes). After deleting the first part of
a two-row partition we obtain a partition of length 1. Let o and 5 be one-row partitions. We have:

Ni(a,B,7) =a1 +B1+m

Y2 + 73
2

N2(0¢757’7) :a1+51 + 71+ |:

It follows from [8]] that when Jop > 0,

Stab(a7677) =7 — 73 + a1 + BL

Neither N nor N, are sharp bounds. Indeed, for g, s > 0 we have stab(a, 8,7) < Ny if v53 > 0, and
stab(a, 8,7) < Ny if 75 > 0.
Moreover, N1 < Ny when 2 + v3 > 1.

a

Example 5 (The Kronecker coefficients: One of the partitions is a two-row shape). The case when v has
only one row, 7 = (p), was studied in [4]]. It was shown there (Theorem 5.1) that

stab(a, 8, (p)) < la| + a1 +2p.

6 Further remarks on the reduced Kronecker coefficients

There is strong evidence to believe that the reduced Kronecker coefficients are better behaved than the
Kronecker coefficients and in some sense easier to study.

The saturation theorem of Terence Tao and Allen Knutson, imply that deciding whether a Littlewood-
Richardson coefficient is positive can be done in polynomial time [23| [19} [12]]. On the other hand, it is
known that the Kronecker coefficients do not satisfy the saturation property. For example,

Gmm) oy = 0if mis odd, but gt = 1if n s even.
This suggests that the Kronecker coefficients are harder to compute.

On the other hand, the reduced Kronecker coefficients are conjectured to satisfy the saturation property
by Klyachko and Kirillov, [18,[16]], and in a stronger form by King [[15].

We believe that the study of the reduced Kronecker coefficients gﬁ’y will lead to a better understanding
of the Kronecker coefficients.

This paper is part of a series [6} [8] that studies the reduced Kronecker coefficients. Theorem first
appeared in [5]], where it was used to compute the first explicit piecewise quasipolynomial description for
the Kronecker coefficients indexed by two two—row shapes. That description was then used in [8] to test
several conjectures of Mulmuley. As a result, we found counterexamples [6] for the strong version of
his SH conjecture [24] on the behavior of the Kronecker coefficients under stretching of its indices. As
pointed out by Ron King [15], our counterexample also implies that Q¥ ”(t) = g&t ., 1s not an Ehrhart
quasipolynomial. Therefore Q% u (t) can not count the number of integral points in any rational complex

polytope.
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We have also found a very interesting connection to another product # on symmetric functions, intro-
duced by Aguiar, Ferrer and Moreira [[1,25] under the names smash or Heisenberg product, and indepen-
dently, yet less explicitely, by Scharf, Thibon and Wybourne [32]. It fulfills

f#QZZfl'(f2 *g1) - g2

where A(f) =" f1 ® foand A(g) = > g1 ® go are in Sweedler’s notation.
We have shown that the reduced Kronecker coefficients are the structure constants for this product in
the basis {s[X — 1]} (the Schur functions at the alphabet X — 1, in the A-ring notation). That is,

SalX = 1#sp[X — 1] =D 70 g5, [X —1].

At this point, we hope that the reader is convinced that the reduced Kronecker coefficients are interesting
objects on their own.
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